The time-evolution operator for an explicitly time-dependent Hamiltonian is expressed as the product of a sequence of unitary operators. These are obtained by successive time-dependent unitary transformations of the Hilbert space followed by the adiabatic approximation at each step. The resulting adiabatic product expansion yields a generalization of the quantum adiabatic approximation. Furthermore, it leads to an infinite class of exactly solvable models.
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Consider the dynamics of a quantum mechanical system whose Hamiltonian H = H(τ ) is explicitly time-dependent. The evolution of a state vector |ψ(τ ) is governed by the Schrödinger equation:
where a dot means a time-derivative. Alternatively, one has |ψ(τ ) = U(τ )|ψ 0 , where
is the time-evolution operator. Here T denotes the time-ordering operator. The purpose of this article is to express U(τ ) as the product of a sequence of unitary operators each of which is the adiabatically approximate time-evolution operator in some adiabatically moving frame.
In order to construct these unitary operators, let us separate the adiabatic part
of the exact time-evolution operator:
where |n; t are instantaneous eigenvectors of the Hamiltonian H(t) with eigenvalue E n (t), i.e., H(t)|n; t = E n (t) |n; t .
Throughout this article, it is assumed that the energy spectrum is discrete, all the eigenvalues of the Hamiltonian are non-degenerate and there is no level-crossing. The adiabatic time-evolution operator U (0) (τ ) as defined by (4) includes the effects of Berry's geometric phase [1] , through the phase angles γ n (t). The operator V (1) (τ ) includes the non-adiabatic effects. As U (0) (τ ) is unitary, Eq. (3) may be viewed as the definition of
Next consider an arbitrary time-dependent unitary transformation of the state vectors:
. This may be viewed as transforming to a "moving frame" of reference. In the "moving frame" the state vectors also satisfy a Schrödinger equation with a new Hamiltonian H(τ ). This is related to H(τ ) according to
Now let us set U(τ ) = U (0) † (τ ). Then one can easily check that the state vectors |ψ ′ (τ )
in the "adiabatic moving frame" evolve according to |ψ
Thus, in view of Eq. (8), we can express V (1) (τ ) directly in terms of the corresponding transformed Hamiltonian which we shall denote by H (1) (τ ), namely:
Since V (1) (τ ) is also a time-evolution operator, the same procedure may be repeated for
. In other words, we can use H (1) (τ ) in place of the original Hamiltonian H(τ ) to define the adiabatic part U (1) (τ ) of the time-evolution operator V (1) (τ ) and therefore
. Clearly this can be continued indefinitely. The result is an adiabatic product expansion of the time-evolution operator:
This expression may be viewed as a generalization of the quantum adiabatic approximation [2] . This generalized quantum adiabatic approximation is carried out by calculating the first N terms in the product in (10) and approximating U(τ ) by
Incidentally the transformed Hamiltonian H (1) (τ ) may be easily obtained in the eigenbasis of the initial Hamiltonian. This is done by substituting
where
|n; τ , and the second equality is obtained by differentiating Eq. (7) with respect to time and using orthonormality of the energy eigenvectors. The appearance of the time-derivative of the Hamiltonian in the expression for H (1) (τ ) and the fact that
is off-diagonal in the eigenbasis of H(0) are reminiscent of the meaning of the adiabatic approximation in which H (1) (τ ) is neglected.
Eq. (12) can also be used to yield the transformed Hamiltonian H (i+1) (τ ) corresponding to the (i + 1)-th term in (10). This is done by introducing the symbol n (i) which labels the eigenvectors and eigenvalues of H (i) (τ ), and replacing H (1) (τ ), n, m, H(τ ) in (12) by
, and H (i) (τ ), respectively. Clearly, H (i) (τ ) and consequently
involve i-th time derivatives of the original Hamiltonian.
The generalized quantum adiabatic approximation (11) of order N is a reliable approximation for the time-evolution operator, if one can neglect H (N +1) (τ ). It is exact, if H (N +1) (τ ) = 0. In fact, the latter equation may be used as a defining condition for generating a class of exactly solvable examples for which U(τ ) = U (0) (τ ) · · · U (N ) (τ ) is the exact time-evolution operator.
In the remainder of this article, I shall demonstrate the application of the adiabatic product expansion in the analysis of the dynamics of a magnetic dipole in a changing magnetic field.
The Hamiltonian of this system is given by
where b is the Larmor frequency, (r, θ, ϕ) are spherical coordinates and J is the angular momentum operator with components J µ , µ = 1, 2, 3. The condition r = 0 guarantees the lack of level crossing. Therefore the appropriate parameter space M of this system is IR 3 − {0}. The time-dependence of the Hamiltonian corresponds to the curve C :
traced by the tip of the magnetic field in time. This curve is parametrically given by (r(t), θ(t), ϕ(t)). Assuming that for all t ∈ [0, T ], C(t) = (r, θ = π, ϕ), one can choose a complete orthonormal set of single-valued eigenvectors |n; R of H[R]. These are given by [3] :
The corresponding eigenvalues are:
Note that in (15), |n; (r, 0, 0) are the eigenvectors of H(r, θ = 0, ϕ = 0) = brJ 3 , i.e., Assuming that the eigenvectors |n; (r, θ, ϕ) of the Hamiltonian are also eigenvectors of | J| 2 , i.e., they have definite angular momentum:
one can calculate
and extensive use is made of the properties of J µ and J ± := J 1 ± iJ 2 , particularly: J ± |m; (r, 0, 0) =h C ±m |m ± 1; (r, 0, 0) . (25) where ω(t) := |Ω(t)| = θ2 + sin 2 θφ 2 is the angular speed of the tip of the magnetic field, σ(t) is the phase of Ω(t), i.e., σ(t) := −α − ϕ + ξ mod 2π ,
Substituting (16) and

